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This study presents a phenomenological constitutive model for describing response of solid-like visco-
elastic polymers undergoing degradation. The model is expressed in terms of recoverable and irrecover-
able time-dependent parts. We use a time-integral function with a nonlinear integrand for the
recoverable part and another time-integral function is used for the irrecoverable part, which is associated
with the degradation evolution in the materials. Here, the degradation is attributed to the secondary and
tertiary creep stages. An ‘internal clock’ concept in viscoelastic materials is used to incorporate the accel-
erated failure in the materials at high stress levels. We ignore the effect of heat generation due to the dis-
sipation of energy and possible healing in predicting the long-term and failure response of the polymeric
materials. Experimental data on polymer composites reported by Drozdov (2011) were used to charac-
terize the material parameters and validate the constitutive model. The model is shown capable of pre-
dicting response of the polymer composites under various loading histories: creep, relaxation, ramp
loading with a constant rate, and cyclic loadings. We observed that the failure time and number of cycles
to failure during cyclic loadings are correlated to the duration of loading and magnitude of the prescribed
mechanical loads. A scalar degradation variable is also introduced in order to determine the severity of
the degradation in the materials, which is useful to predict the lifetime of the structures subject to var-
ious loading histories during the structural design stage.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Polymers and polymeric composites are widely used in many
engineering applications, where they are often subjected to various
loading histories, i.e., constant or cyclic mechanical loads. Polymers
are known as viscoelastic bodies in that they exhibit stress-relaxa-
tion (or creep deformation). The rate of stress relaxation (or the
rate of creep) in a viscoelastic body is determined by the body’s
‘internal clock’, which is associated with the movement of molec-
ular structures of the material in response to the external stimuli
(Ferry, 1961; Pipkin, 1986). This rate also changes with varying
environmental conditions and mechanical loadings, as previously
discussed by Schwarzl and Staverman (1952), Wineman (2002),
Rajagopal and Wineman (2010) and Tscharnuter and Muliana
(2013). For example, Tscharnuter and Muliana (2013) showed that
increasing temperatures and strain levels in polyoxymethylene
(POM) polymer accelerates the relaxation response of this polymer.
Miyano et al. (2008) and Nakada and Miyano (2009) showed that
the accelerated creep and cyclic responses of epoxy and various ﬁ-
ber reinforced polymer composites at elevated temperatures can
be used to obtain long-term response of the materials. Experimen-
tal studies have also shown that polymers and polymer compositescould experience creep ruptures1 at relatively high stress levels
(Raghavan and Meshii, 1997; Regrain et al., 2009; Drozdov, 2010,
2011), while at relatively low stresses, failure might not occur even
after a long loading period.
There have been several experimental studies on understanding
the response of viscoelastic polymers and polymeric composites
under cyclic loadings that lead to fatigue failures. In many experi-
mental studies, e.g., Sullivan (2008), Miyano et al. (2008), Cerny
and Mayer (2010), Drozdov (2011) and Berer et al. (2013), etc., it
was shown that during cyclic loadings strains continuously in-
crease with time with the strain envelopes (maximum, minimum,
and mean strains) follow creep-like response. Depending on the
loading amplitude, frequencies, and environmental conditions,
cyclic strain envelopes can experience primary, secondary and ter-
tiary creep-like response, leading to cyclic failure. The criterion for
cyclic failure is often deﬁned in terms of number of cycles to fail-
ure, and as expected increasing loading amplitude shortens the
failure time or reduces number of cycles to failures. Limited
experimental studies on polymers under cyclic loading have also
shown that temperature increases due to the energy dissipationprimary,
stage of
leads to
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loading amplitude (Tauchert, 1967a,b; Berer et al., 2013). This
temperature generation could inﬂuence the cyclic behavior of
polymers.
In order to understand the time-dependent failure in viscoelas-
tic materials, several theoretical studies have been presented,
which can be classiﬁed as: empirical model and continuum based
time-dependent constitutive model that incorporates damage
accumulation and microstructural characteristics. Norton power
law model and its modiﬁcations are among the widely used empir-
ical models to describe secondary and tertiary creep response of
metals at elevated temperatures, in which the strain rate is deﬁned
in terms of power law function of time, _e ¼ Atm, where the param-
eters A andm can be adjusted to ﬁt each creep data or these param-
eters A and m can be taken as functions of stress, temperature, etc.
Similarly, empirical models based on power law function have
been considered to determine the failure times during creep and
cyclic loadings, and also number of cycles to failure in case of fati-
gue failure due to cyclic loading in polymers. Examples of the
empirical models for creep and cyclic failures in polymer based
materials can be found in Solasi et al. (2008), Miyano et al.
(2008) and Guedes (2007, 2008), among others. Empirical models
generally lead to rather simple mathematical expressions, which
make it easier to obtain exact closed form solutions of the response
of structures in the structural analysis and design processes; how-
ever they require extensive amount of testing in order to charac-
terize the material parameters. To enhance understanding of the
time-dependent failure mechanisms in viscoelastic materials, sev-
eral constitutive models that incorporate damage accumulation
have also been presented. Ostergren and Krempl (1979) and Coz-
zarelli and Bernasconi (1981) proposed a rate of damage model
in order to predict failure time of materials undergoing signiﬁcant
creep behaviors such as metals at elevated temperatures. Similar to
a yield function in plasticity, Ostergren and Krempl (1979) deﬁned
a damage function, which was called a forcing function, in order to
determine the evolution of damage and they assumed that no
damage progressed during unloading. They showed that rupture
times and numbers of cycles to failure in the materials depend
strongly on the duration of loading. Sullivan (2008) introduced a
time-dependent damage function which was correlated to a reduc-
tion in load carrying capacity of the materials. Christensen (2008)
incorporated a crack growth effect, which is also associated to the
reduction in the strength of the materials, on determining the
times to failure in the materials during creep and cyclic loadings.
Drozdov (2010, 2011) formulated a viscoelastoplastic constitutive
model that takes into account microstructural morphologies of
the polymers to describe the creep rupture and number of cycles
to failures in polymer and polymer composites. He introduced a
scalar function that describes the evolution of plastic deformations
in the crystalline phase of the polymers and alters the macroscopic
properties of the materials. It is known that failure in the materials
is accompanied by the dissipation of energy and viscoelastic mate-
rials dissipate energy. Several constitutive models have considered
the effect of energy dissipation in the viscoelastic materials
(Schapery and Cantey, 1966; Rajagopal and Srinivasa, 2011; Khan
and Muliana, 2012).
This study introduces a time-dependent degradation phenome-
nological constitutive model for describing response of viscoelastic
polymers undergoing various loading histories: creep, relaxation,
ramp loading and cyclic loading. The model is expressed in terms
of the recoverable and irrecoverable time-dependent parts. We
adopt the time-integral function with a nonlinear integrand, fol-
lowing the nonlinear single integral and quasi-linear viscoelastic
(QLV) models (Pipkin and Rogers, 1968; Fung, 1981; Muliana
et al., 2013) for the recoverable part. Another time-integral func-
tion is also deﬁned for the irrecoverable part, which is associatedwith the degradation formation in the materials. We use an
‘internal clock’ concept in viscoelastic materials in order to incor-
porate the accelerated failure in the materials at high stress levels.
We ignore the effect of heat generation due to the dissipation of
energy and possible healing in predicting the long-term and failure
response of the materials. The manuscript is organized as follows.
Section two discusses the constitutive model and its numerical
implementation. Section three presents the material characteriza-
tion and model prediction of polymer composites under a uniaxial
loading. Experimental data on polymer composites reported by
Drozdov (2011) were used. We also perform parametric studies
on understanding the behavior of the model and present structural
analyses with a primary intention to design polymer and polymer
composite structural components incorporating more realistic
long-term performance of the materials. Finally we dedicate
section four for concluding remarks.
2. Nonlinear viscoelastic-degradation model
Response of viscoelastic polymers is manifested in simulta-
neous stress relaxation and creep deformation, which are attrib-
uted to the movement of macromolecular chains of the
polymers. At the macroscopic level, this phenomenon is shown
by a creep deformation when a constant stress is prescribed to
the material; a stress relaxation when a constant strain (deforma-
tion) is maintained; a hysteretic response under cyclic loading, etc.
The hysteretic behavior is attributed to the delayed response,
which is also associated to the dissipation of energy, of the mate-
rials. Based on their macroscopic time-dependent response, visco-
elastic materials can be classiﬁed into solid-like and ﬂuid-like (see
Wineman and Rajagopal, 2000). When subjected to external
mechanical stimuli, in absence of damage/degradation, the ﬂuid-
like viscoelastic materials will continuously deform to reach a stea-
dy ﬂow, as ﬂuid ﬂows, and the stress will continuously relax to
zero. For the solid-like viscoelastic material, in absence of degrada-
tion, both creep deformation and stress relaxation will reach to
asymptotic nonzero values. Unlike ﬂuid-like viscoelastic materials,
the solid-like viscoelastic materials will undergo complete recov-
ery upon unloading if sufﬁcient time is given and no damage/deg-
radation has occurred in the materials during loadings.
Macroscopic creep response in a viscoelastic material is further
categorized into primary, secondary, and tertiary stages, which
are based on the rates of creep deformations, as illustrated in
Fig. 1a. The rate of creep deformation in the primary stage de-
creases with time, followed by a constant rate in the secondary
stage, and the creep rate increases with time in the tertiary stage
until failures. Furthermore, macroscopic response of materials de-
pends strongly upon their microstructural characteristics and
changes in their microstructural morphologies during loadings.
For examples, response of polymers depends on their macromolec-
ular structures (amorphous, crystallines, or semicrystalline). When
subjected to mechanical loadings, the polymers undergo micro-
structural changes, i.e., polymer network rearrangement, entangle-
ment, scission, crazing, etc.
Before developing constitutive models that describe time-
dependent behaviors of viscoelastic materials, it is necessary to
understand a complete behavior of these materials under various
loading conditions and place them into certain classiﬁcations.
The proper models, with appropriate material parameters, should
be able to reasonably predict the response of materials under var-
ious loading histories. In this study, we rely on the macroscopic re-
sponse of viscoelastic materials under various mechanical loading
histories without any detailed information about the microstruc-
tural changes during loading. We formulate a nonlinear phenome-
nological constitutive model for solid-like viscoelastic materials
incorporating three stages of creep behaviors. The solid-like
Fig. 1. Typical creep response in viscoelastic materials.
Fig. 2. Stress relaxation response of polymer composite at three strain levels.
Experimental data are obtained from Drozdov (2011).
Fig. 3. Instantaneous response of polymer composite obtained from the initial
values of the stress relaxation data (isochronous relaxation plot at initial time).
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time-dependent response of a polymer composite, comprising of
polyamide-6 and 25% volume content of glass ﬁbers, reported by
Drozdov (2011)2. We treat the composite as a homogenized body
and present a one-dimensional model since the experimental data
are reported only along the axial loading direction. First, we observe
the stress relaxation response of this polymer composite (Fig. 2) at
various strain levels. It is seen that as time progresses, the relaxation
slows down and the long-term stresses would most likely reach to
asymptotic nonzero values, which are quite obvious for the relaxa-
tion responses under 0.87% and 1.34% strains. We then construct
an isochronous plot (Fig. 3) from these relaxation data at initial time
(t  0) to examine the linearity of the response. As seen from the
isochronous plot the response shows nonlinear behavior since they
do not satisfy proportionality (linear scaling) condition. Looking at
the creep responses under three stresses: 70, 80, and 90 MPa
(Fig. 4), and also discussed in Drozdov (2011), the creep responses2 All the experimental data presented in this manuscript are digitized from
Drozdov (2011).at the two lower stresses show primary and secondary stages for
the considered loading period, while at the highest stress, all three
stages are shown until failure. Based on these observations we as-
sume that the polymer composite behaves as nonlinear viscoelastic
solid-like material, the polymer composite undergoes small defor-
mation gradients, the degradation in the material is associated to
the secondary and tertiary creep stages, the degradation is time
and stress dependent, and the material does not experience healing
after it degrades.
2.1. Constitutive model
The one-dimensional (1D) representation of the nonlinear vis-
coelastic-degradation model is:
et  eðtÞ ¼ etve þ etd ð2:1Þ
where etve and etd are the viscoelastic (recoverable) and degradation
(irrecoverable) strains, respectively, and t denotes the current time.
A small strain measure is considered here. Fig. 1 illustrates the total
strain together with the recoverable viscoelastic and degradation
parts. The viscoelastic component is expressed in terms of a time-
integral function with a nonlinear integrand:
etve  eveðtÞ ¼ Fðrð0Þ; tÞ þ
Z t
0
@FðrðsÞ; t  sÞ
@r
drðsÞ
ds
ds ð2:2Þ
where F is the nonlinear function of stress and time, and r is the
stress. The following form of the nonlinear function is considered:
(a)
(b)
Fig. 4. Creep response of polymer composites at three different stress levels.
Experimental data are obtained from Drozdov (2011).
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GðrðtÞÞ ¼ A 1 eBjrðtÞj  ð2:4Þ
JðtÞ ¼ Jð0Þ þ
XN
n¼1
Jn 1 et=sn
  ð2:5Þ
where the function G(r(t)) is a non-linear function of stress, A and B
are the material constants, which are calibrated by ﬁtting experi-
mental data, and JðtÞ is the normalized time-dependent (creep)
function with J(0) = 1, Jn and sn are positive constants associated
with the creep behavior of the materials. In this case, the function
G(r(t)) is related to the elastic (instantaneous) strain response
and it is assumed that the responses under tension and compres-
sion are the same. Using the nonlinear function F in Eq. (2.3), the
viscoelastic response in Eq. (2.2) is written as:
etve  Gðrð0ÞÞJðtÞ þ
Z t
0
Jðt  sÞ @GðrðsÞÞ
@r
drðsÞ
ds
ds ð2:6Þ
where @GðrðtÞÞ
@r ¼ ABeBjrðtÞj ¼ D0eBjrðtÞj and for a uniaxial case the two
material parameters, i.e., D0 and B, are related to the instantaneous
elastic response, which are characterized from experiments, in
addition to characterizing the time-dependent function J(t) (see
Section 3 for characterizations of the material parameters). The
parameter D0 ¼ 1=Eo, where Eo is related to the elastic modulus in
a linearized elastic response where J(t) = 1.
In order to incorporate the accelerated time-dependent re-
sponse at higher stresses and/or elevated temperatures by altering
the body’s internal clock, a time-shift factor aðr; TÞ, where T is thetemperature, is introduced; and this leads to the use of an intrinsic
(reduced) time ut  uðtÞ for the time-dependent function JðuðtÞÞ.
The viscoelastic response in Eqs. (2.2) and (2.6) is then written as:
eveðtÞ ¼ Fðrð0Þ;utÞ þ
Z t
0
@F rðsÞ;ut usð Þ
@r
drðsÞ
ds
ds ð2:7aÞ
eveðtÞ ¼ Gðrð0ÞÞJðutÞ þ
Z t
0
J ut us  @GðrðsÞÞ
@r
drðsÞ
ds
ds ð2:7bÞ
ut ¼
Z t
0
df
aðrðfÞÞ; TðfÞÞ ; u
s ¼
Z s
0
df
aðrðfÞÞ; TðfÞÞ ð2:8Þ
When the time-shift factor is equal to one, Eqs. (2.7a) and (2.7b)
reduce to the ones expressed in Eqs. (2.2) and (2.6), respectively.
The time-dependent degradation strain is assumed to follow a
general time-integral function:
etd  edðtÞ ¼
Z t
tcr
Kðt  sÞdHðrðsÞÞ
ds
ds ð2:9Þ
where K(t) is the time-dependent degradation function, which rep-
resents the secondary and tertiary creep stages, illustrated in Fig. 1c.
The following function is considered for K(t):
KðtÞ ¼ eat  1 ð2:10Þ
The stress-dependent degradation is modeled as:
HðrðtÞÞ ¼
0; rðtÞ < rcr
rðtÞ
g ; rðtÞP rcr
(
ð2:11Þ
The degradation strain only occurs at t P tcr , where tcr is the
critical time when degradation starts, rcr is the critical stress
threshold, in which degradation starts, a and g are the material
parameters that need to be calibrated from experiments. In this
study the nonlinear stress-dependent function H in Eq. (2.11) is
chosen due to its simplicity and it will be shown later in this man-
uscript that this function is capable in capturing the experimental
data under a uniaxial tension. If it is assumed that the responses of
the material under tension and compression are the same, then the
stress in Eq. (2.11) should be written in terms of its magnitude
jrðtÞj. In many cases, however, responses of materials under ten-
sion and compression are not necessarily the same and different
functions might be needed to capture the tensile and compressive
behaviors of the materials. Eqs. (2.9)–(2.11) are interpreted as fol-
lows: the degradation stars when the current stress exceeds the
stress threshold and leads to continuous degradation which is rep-
resented by a continuous increase in the degradation strain; and
upon unloading the viscoelastic part will experience fully recovery
accompanied by the delayed degradation strain, which is unrecov-
erable. Substituting the time-dependent degradation function in
Eq. (2.10), the degradation strain is:
etd  edðtÞ ¼
Z t
tcr
eaðtsÞ  1 dHðrðsÞÞ
ds
ds ð2:12Þ
We also consider the accelerated degradation response at high
stresses by adopting the internal clock’s concept through the use
of time-degradation shift factor ad(r(t)), similar to the one used
in the viscoelastic part. The motivation behind using a time-degra-
dation shift factor is due to the accelerated degradation at higher
stresses, which is indicated by an early and rapid formation of
the secondary and tertiary creep strains in Fig. 4 as a typical creep
and creep failure behaviors. The degradation strain in Eq. (2.12) is
now written as:
etd  edðtÞ ¼
Z t
tcr
eaðu
tusÞ  1
  dHðrðsÞÞ
ds
ds ð2:13Þ
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Z t
0
df
adðrðfÞÞ ; u
s ¼
Z s
0
df
adðrðfÞÞ ð2:14Þ
It is also possible to incorporate the accelerated degradation
due to a temperature effect by having the degradation shift factor
to depend on the stress and temperature, similar to the one shown
in Eq. (2.8). In case of a ramp loading up to time tr (tr P tcr) and the
load is held constant thereafter, the degradation strain at t (t P tr)
is:
etd ¼
Z tr
tcr
ea u
tusð Þ  1
  dHðrðsÞÞ
ds
ds ð2:15Þ
It is noted that the material parameters a, g, and ad should be
determined such that etd P 0 when tensile loading is considered.
The models presented in Eqs. (2.1), (2.2), and (2.9) are general
and can be applied for viscoelastic materials experiencing the
three stages of creep; however the stress-dependent functions
G and H should be picked based on available experimental
data.
A continuous increase in the strain at the tertiary creep stage
will eventually lead to failure. Thus, it is necessary to also deﬁne
a threshold when failure occurs. For example, a strain threshold,
ef, when failure (or creep rupture) occurs in the materials can be
deﬁned by observing the macroscopic response of the specimens,
such as formation of cracks, excessive deformations that leads to
instability, etc. In many literature, the state of damage or degrada-
tion d(t) in the material is often deﬁned as an indicator of severity
of the damage/degradation, e.g., Ostergren and Krempl (1979),
Cozzarelli and Bernasconi (1981), and Muliana and Rajagopal
(2012). The viscoelastic response can also change as the material
degrades. For example, Muliana and Rajagopal (2012) have used
the quasi-linear viscoelastic model whose material parameters
vary with the degradation in predicting time-dependent response
of biodegradable polymeric stents. In this study, we neglect such
coupling behavior due to limited experimental data available in
characterizing the coupling properties. The following rate of degra-
dation model can be considered:
_d ¼ ð1 dÞf ðeðtÞÞ ð2:16Þ
where f ðeðtÞÞ is the strain-dependent rate of degradation func-
tion3 which can be chosen to describe the evolution of the degra-
dation in the materials. For example, the degradation is absent,
d(t) = 0, and there is no formation of degradation, _d ¼ 0, when
the total strain at current time eðtÞ is less than a certain threshold,
ecr; the degradation progresses, _d–0, when eðtÞP ecr , and failure
occurs when d(t) = 1 or with a safety factor, failure can be
considered with choosing d(t) < 1. It is also possible to deﬁne a
stress-dependent rate of degradation function and include other
ﬁeld variables in the rate of degradation function. The information
on the stage of degradation is particularly useful for designing
structures as a mean to avoid catastrophic failure. We will
further discuss the degradation stage in Section three of this
manuscript.2.2. Numerical algorithm
When a stress history is prescribed and depending on the func-
tions chosen for the normalized time-function, nonlinear stress
measure, and stress history, it might be possible to obtain an exact
analytical solution of the corresponding strain output. When
rather complex forms are used for the normalized time-function,3 A general function of strain f ðeðtÞÞ can be chosen to describe the stage of
degradation; for example one can choose f ðeðtÞÞ ¼ edðtÞ in order to correlate the
degradation state to the degradation strain.nonlinear stress measure, and stress history, obtaining exact ana-
lytical solutions can be tedious if not impossible. We present an
approximate solution based on a recursive method to solve the
above integral equations. We consider the following incremental
form for small strain problems:
et ¼ etDtve þ Detve þ etDtd þ Detd ð2:17Þ
where the superscript t denotes the current time and superscript
t  Dt indicates the previous time. Using the time function in Eq.
(2.5), the viscoelastic strain is written as:
etve ¼ Jð0Þ þ
XN
n¼1
Jn
 !
GðrðtÞÞ  Gðrð0ÞÞ
XN
n¼1
Jne
ut=sn

XN
n¼1
Z t
0
Jne
ðutusÞ=sn @G
@r
dr
ds
ds|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
qtn
ð2:18Þ
where qtn is the history variables. With the incremental reduced
time approximated as Dut  ut utDt  Dtaðrt Þ, the incremental
stress given as Drt  rt  rtDt and we consider an isothermal con-
dition, the history variable is approximated as:
qtn¼
Z tDt
0
Jne
ðutusÞ=sn @G
@r
dr
ds
dsþ
Z t
tDt
Jne
ðutusÞ=sn @G
@r
dr
ds
ds eDut=sn qtDtn
þDt
2
Jn ABeBjrðtÞj
 Drt
Dt|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dG
dt jt
þeDut=sn ABeBjrðtDtÞj
 DrtDt
Dt|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dG
dt jtDt
2
6664
3
7775 ð2:19Þ
An incremental viscoelastic strain is deﬁned as
Detve  etve  etDtve . With the viscoelastic strain and history variable
given in Eqs. (2.18) and (2.19), respectively, the incremental visco-
elastic strain is:
Detve ¼ ðJð0Þ þ
XN
n¼1
JnÞDGt þ Gðrð0ÞÞ
XN
n¼1
Jne
ut=sn 1 eDut=sn
h i
þ
XN
n¼1
1 eDut=sn
 
qtDtn 
Dt
2
Jn ABeBjrðtÞj
 Drt
Dt

þeDut=sn ABeBjrðtDtÞj
 DrtDt
Dt
	

ð2:20Þ
In the above equation the incremental form of the nonlinear
stress function is DGt  Gt  GtDt . When the initial stress is zero,
like in experiment, Gðrð0ÞÞ ¼ Gð0Þ ¼ 0, and thus the second term
of Eq. (2.20) can be immediately dropped. In order to incorporate
the loading and unloading conditions, the incremental form of
the nonlinear stress function, which is related to the incremental
strain, is given as:
DGt  G rt  ri
  G rtDt  ri   DrtDrtj j ð2:21Þ
where ri is the initial stress before loading or before unloading. At
the beginning of loading, ri ¼ 0, while during unloading after reach-
ing maximum stress rmax, ri ¼ rmax, and jDrtj is the norm of the
incremental stress.
The degradation strain in Eq. (2.13) with t P tcr is rewritten
as:
etd ¼
Z t
tcr
ea u
tusð Þ dHðrðsÞÞ
ds
ds
Z t
tcr
dHðrðsÞÞ
ds
ds
¼ qtd  ½HðtÞ  HðtcrÞ ð2:22Þ
with Dut  ut utDt  Dtadðrt Þ, the history variable due to the degra-
dation is approximated as:
σ σ
Fig. 5. Stress-dependent degradation shift factors.
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Z tDt
tcr
eaðu
tusÞ dHðrðsÞÞ
ds
dsþ
Z t
tDt
eaðu
tusÞ dHðrðsÞÞ
ds
ds
 eaDut qtDtd þ
Dt
2
1
g
Drt
Dt|ﬄﬄ{zﬄﬄ}
dH
dt jt
þ eaDut1
g
DrtDt
Dt|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
dH
dt jtDt
2
66664
3
77775 ð2:23Þ
The incremental degradation strain is Detd  etd  etDtd , which is
expressed as:
Detd  eaDu
t  1
 
qtDtd 
Drt
g
þ Dt
2
1
g
Drt
Dt
þ eaDut dH
dt

tDt
 
ð2:24Þ
In case of unloading HðrtÞ ¼ 0; dHdt

t ¼ 0, the history variable and
incremental degradation strain reduce to:
qtd  eaDu
t
qtDtd ð2:25Þ
Detd  eaDu
t  1
 
qtDtd ; Du
t ¼ Dt
adðrmaxÞ ð2:26Þ
Here rmax is the maximum stress before unloading; and upon
complete removal of the stress, rt ¼ 0, the degradation shift factor
should reach to a very large number ad !1, so that Detd ! 0.
Once the incremental viscoelastic and degradation strains have
been determined, the total strain at current time is obtained from
Eq. (2.17). The above numerical algorithm is pretty straight for-
ward when the stress history is prescribed and the corresponding
strain output is to be determined. When a strain history is pre-
scribed, in order to obtain the corresponding stress response, we
use a recursive–iterative method. This requires choosing an initial
(trial) value for the stress at current time t, which is taken from the
previous converged time t  Dt, as rt;trial ¼ rtDt . At the initial time
(t = 0), rt;trial ¼ 0. Based on this trial value, the time-dependent
strain is calculated from Eqs. (2.17), (2.20), and (2.24), and com-
pared with the prescribed strain history. The difference in the cal-
culated and prescribed strains deﬁnes the residual at each iteration
counter i:
Rt;ðiÞ ¼ etDtve þ Detve þ etDtd þ Detd  et ð2:27Þ
The goal is to minimize this residual until it is within a given
tolerance. The Newton–Raphson iterative method is used in order
to minimize the residual and as we deal with an incremental for-
mulation, at each instant of time we need to determine the correct
value of the incremental stress Drt . The trial incremental stress is
Drt;tr ¼ rt;tr  rtDt ¼ 0 and the corrected value for Drt;ðiþ1Þ is:
Drt;ðiþ1Þ ¼ Drt;ðiÞ þ @R
t;ðiÞ
@Drt
 !1
Rt;ðiÞ ð2:28Þ
@Rt;ðiÞ
@Drt
¼ @De
t
ve
@Drt
þ @De
t
d
@Drt
; where
@rt
@Drt
¼ 1 ð2:29Þ
Once the correct incremental stress is determined, the current
stress is given as rt ¼ rtDt þ Drt .
3. Properties characterization and model prediction
We now compare the stress and strain response determined
from the above time-dependent model to experimental data on a
polymer composite, reported by Drozdov (2011). The characteriza-
tion of material parameters used in the above model is done using
the creep and relaxation data, while the validation of the model is
performed on the ramp and cyclic responses. We conduct paramet-
ric studies to further examine the quality and prediction of the
model.3.1. Characterization of material parameters
We ﬁrst use the relaxation data in order to characterize the
material parameters in the viscoelastic strain model (Eq. (2.6)).
The nonlinear function G(r) is associated to the instantaneous
strain response due to a stress input. As discussed in Drozdov
(2011), during the relaxation tests, the strain is ramped to the max-
imum strain with a relatively fast rate, _e ¼ 0:02=s, thus the rise
times for the relaxation tests are less than 1 s. We assume that
the time-dependent effect during the 1 s ramping is negligible.
We use the initial values of the stress and strain prior to the stress
relaxation (Fig. 3) in order to calibrate G(r). Table 1 presents the
calibrated A and B values. These values correspond to instanta-
neous compliance and modulus of 0.000102 MPa1 and
9828.01 MPa, respectively. From the lowest available creep data
under 70 MPa, noticeable secondary creep stage is observed, and
since the creep data at lower stress levels are not available, we as-
sume that degradation starts when stress is larger than a threshold,
rcr, which is taken as 70 MPa. In order to calibrate the time-depen-
dent function J(t), we use the relaxation data with the peak stress
less than 70 MPa. In this study, the relaxation data under strain
1.34% (Fig. 2) is used for calibrating J(t) and we assume the stress
shift-factor for the viscoelastic strain is a(r) = 1. Table 2 summa-
rizes the calibrated time-dependent function. With the calibrated
material parameters for the viscoelastic strain, we also predict
the relaxation response under strain level 0.87% and a good predic-
tion of the viscoelastic strain model is shown in Fig. 2. Prior to pre-
dicting the relaxation response under strain 1.84%, it is necessary
to determine the material parameters in the degradation strain
since the maximum stress in the relaxation data under strain level
1.84% is around 80 MPa, which is higher than rcr, indicating that
some degradation might occur in the material.
Next, with the calibratedmaterial parameters for the viscoelastic
strain, we now use the creep response to calibrate the material
parameters associated to the degradation strain. As seen from
Fig. 4a, using only the viscoelastic strain model gives lower predic-
tion of the creep response. The parameters a and g are determined
by matching the creep response under 90 MPa (Fig. 4b), while set-
ting the degradation shift factor ad(90) = 1, and the values of these
parameters are reported in Table 1. Adopting the internal clock
concept, in which the degradation occurs slower at lower stress
level, we now calibrate the degradation shift factors under
stresses 70 and 80 MPa by matching their creep responses. Fig. 5
depicts the calibrated degradation shift factors for the three
stresses and the nonlinear ﬁtting. Using the degradation function
ad ¼ 0:02r2þ 2:75r 80, the material parameters in Tables 1
and 2, the creep and relaxation responses at various load levels are
reproduced and the results are compared to the experimental data
in Figs. 2 and 4. Overall good predictions are observed.
Table 1
Material parameters.
Parameters Values
A 0.0055
B 0.185 MPa1
a 0.006 s1
g 23,000 MPa
rcr 70 MPa
Table 2
Time-dependent relaxation function from 1200 s relaxation data.
n Jn sn (s)
1 0.08 10
2 0.08 20
3 0.09 100
4 0.09 400
5 0.1 1000
J(0) = 1
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We now use the proposed time-dependent model together with
material parameters calibrated in Section 3.1 in order to predict
the response of the polymer composite under other loading histo-
ries that are not used in the calibration process. Fig. 6 illustrates
the response from the ramp loading with a constant strain rate
of 0.002/s, which is 10 time slower than the strain rate applied
for ramping period in the relaxation tests. We would expect some
time-dependent effect, although minimal, during this loading. The
model shows a reasonably good prediction of the experimental
data. Some mismatches between the model and experimental data
are seen at the strain level greater than 0.028. The uniaxial tests
were conducted till failure and prior to reaching the failure stage
the tensile specimens might experience ‘necking’ accompanied
by possible cracks and crack propagation. The present model does
not incorporate such possible necking or cracking which might af-
fect the failure prediction. However, the model is capable in simu-
lating the uniaxial tensile test, incorporating the material
degradation, up to 90 MPa stress level, up to which the material
parameters were calibrated.
Next, we also simulate the cyclic response at various load ratios
R ¼ rminrmax. The experimental data are available for R = 0/85; 10/85;
20/85; 30/85; 50/85, and 60/85. Detailed discussion on the cyclic
loading histories is given in Drozdov (2011). Fig. 7 shows the
maximum and minimum strain outputs during the cyclic loadingsFig. 6. Response from a ramp loading with a constant strain rate.at various loading ratios. Overall, the model gives reasonable pre-
dictions of the cyclic response, although some mismatches are
shown at later cycles in Fig. 7c–e. The reason of these mismatches
at later cycles could be due to limited data used to calibrate the
degradation parameters. It is noted that we use the creep strain
at 90 MPa to determine parameters a and g, and the creep strains
at 70 and 80 to characterize the degradation shift-factors, and at
any other stresses the degradation shift-factor is determined from
the quadratic regression function (given in Fig. 5). Since we do not
have creep response under stresses below 70 MPa, we assumed
that the time-dependent variables in Table 2 are also valid for
low stress levels. In many polymeric materials the rate of creep
deformation would also depend on the magnitude of applied stres-
ses. In order to improve the model prediction, it might be neces-
sary to perform creep tests at lower stress levels. It should be
noted that as material degrades, their properties will also change,
while in this study we take the same material parameters for the
entire loading which could be the reason of the discrepancies at
later time.
One interesting observation is that the duration of loading
strongly inﬂuences the cyclic response, which is probably corre-
lated to the creep response. Fig. 7 shows that for all cyclic loadings
done under the same rate, the cyclic response under the lowest
loading ratio R = 0/85 gives the most pronounced secondary and
tertiary creep response for around 100 cycle of loading as com-
pared to the cyclic response under the highest loading ratio
R = 60/85; even at around 170 cycles it shows mainly secondary
creep response. It is noted that the duration of loading for the cyc-
lic test with R = 0/85 is longer than the duration of loading for the
cyclic test with R = 60/85 at the same number of cycles, resulting in
sufﬁcient time for the materials to undergo more pronounced sec-
ondary and tertiary creep stages. The cyclic response under the
load ratios between 0/85 and 60/85 also shows a slow-down in
the creep-like response as the loading ratio R increases since
smaller duration of loading is needed. The above cyclic response
is consistent with the creep and cyclic failure behaviors observed
in metals at elevated temperatures (Ostergren and Krempl,
1979); in which slower loading rates and longer holding period
could lead to failures.
3.3. Parametric studies
Based on the present viscoelastic-degradation model and mate-
rial parameters in Tables 1 and 2, we perform parametric studies to
examine the qualitative behaviors of this model under various
loading histories. We ﬁrst study the cyclic response under load ra-
tio R = 60/85 at different rates (frequencies), i.e., 0.02/s and 0.002/s.
Fig. 8 illustrates the maximum and minimum strains against num-
ber of cycles. As expected, lower rate results in higher magnitude
of strains as it gives sufﬁcient time for the material to undergo
creep deformation. In absence of degradation, the strain response
due to cyclic loading will reach to a constant (asymptotic) value.
Fig. 9 shows the maximum strains under cyclic loading with load
ratios 0/85 and 0/50. Since the stress threshold for the degradation
to occur is 70 MPa, under the amplitude 50 MPa the strain re-
sponse is only due to the recoverable viscoelastic part, which
reaches to an asymptotic value at longer time (illustrated in
Fig. 1b).
For a purpose of designing structures or structural components,
it is often necessary to provide certain limits for stress and strain,
or other variables, as failure criteria. One option is to choose a crit-
ical stress as the failure criterion, in which when the stress in the
material is greater than rcr, which in this case is 70 MPa, failure oc-
curs in the material leading to termination in the service time of
the structures. It is also possible to extend the failure in the mate-
rial beyond the critical stress limit, since the degrading materials
Fig. 7. Maximum and minimum strains at each cycle during cyclic loading with various loading ratios.
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before complete failure (rupture) of the materials. Fig. 10a depicts
the creep responses of the polymer composites at different stres-
ses: 70–90 MPa. It is seen that even though all stresses have ex-
ceeded the critical stress limit, but the material is still capable of
resisting the external loads. We can then pick the strain limit as
our failure criterion and determine the critical time when failure
occurs in the material at different loads. An example of critical time
based on the strain limit of 0.04 is shown in Fig. 10b. As expected, a
lower load leads to longer lifetime of the material.
Alternatively, it is also possible to determine the degradation
state as in Eq. (2.16) in order to monitor the amount of degradation
in the material at each instant of time, which will be useful in
avoiding catastrophic failure in the materials and structures. For
a numerical exercise, we deﬁne the following strain-dependent
degradation function:f ðetÞ ¼ 0; e
t < ecr
Ce e
tecrð Þ; et P ecr
(
ð3:1Þ
The above function suggests that as the strain increases, the
strain-dependent degradation function increases. Using Eq. (3.1)
and the degradation rate in Eq. (2.16), we can guarantee that the
degradation values will be bounded between zero and one. We
now simulate cyclic response by prescribing stresses between
rmin ¼ 0 and rmax ¼ 70;80;85; and 90 MPa with two different fre-
quencies: 0.5 and 0.05 Hz. Eqs. (2.16) and (3.1) are used to deﬁne
the state of degradation in the material with ecr ¼ 0:0145, which
corresponds to the instantaneous strain at the critical stress
70 MPa, and C is taken as 0.01. Fig. 11a illustrates the degradation
behaviors of the materials at different cycles, under various loading
amplitude and at frequency 0.5 Hz. As expected higher amplitude
leads to faster degradation. Following a commonly used method
Fig. 8. Maximum and minimum strains during cyclic loadings at different rates
(frequencies).
Fig. 10. (a) Creep failure at various constant stresses; and (b) failure times based on
a strain limit failure criterion.
Fig. 9. Maximum strains at different stress amplitudes.
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construct S–N curve, which is a strength and number of cycle to
failure, as shown in Fig. 11b4. However, for materials that exhibit
signiﬁcant viscoelastic behavior, the S–N curve should be con-
structed at different loading frequencies as cyclic failure in viscoelas-
tic materials depends not only on the load amplitude and number of
loading cycles but also on the frequency of loading. Perhaps, instead
of relying on S–N curves, a failure criterion that includes information4 The quality of this S–N curve is consistent with the experimental data reported by
Ostergren and Krempl (1979) for metal at an elevated temperature, which shows that
slower loading rates accelerate the cyclic failure in the material.
Fig. 11. (a) Degradation response due to cyclic loading at various cycles; and (b) the
corresponding S–N curves at different frequencies.
Fig. 12. Response of the simple beam, monitored at the critical location, due to a
concentrated forced P(t) applied at the mid-section.
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thermore, as mentioned above, several experimental studies have
shown non-negligible increases in temperatures during cyclic load-
ing as a result of energy dissipation. It is also known that elevated
temperatures accelerate the creep and relaxation behaviors in the
materials. It is perhaps necessary to also include the effect of energy
dissipation to improve prediction of cyclic failure in viscoelastic
materials.
Finally, we present an example of structural analysis of a visco-
elastic beammade of the above polymer composite subject to com-
bined creep and cyclic loading. Let us consider a simply supported
beam with a square cross-section (r  r) and length L under a con-
centrated load P(t) applied at the mid-section of the beam. The lon-
gitudinal axis of the beam is placed along the x-axis with the origin
starts from the left side of the beam, while the y-axis is the lateral
direction. We follow the Euler–Bernoulli beam theory in setting up
the governing equation for the deformation of the beam. We shall
not discuss the derivation of the Euler–Bernoulli beam theory here.
The maximum internal bending moment, which is located at the
center of the beam, is MmaxðtÞ ¼ PðtÞL=4 and the maximum axial
stress is rmaxxx ðtÞ ¼ 1:5PðtÞL=r3. It is noted that the nonlinear
stress-dependent functions G and H in Eqs. (2.4) and (2.11) are cho-
sen so that the response in tension and compression are the same,
i.e., GðrðtÞÞ ¼ Að1 eBjrðtÞjÞ;rðtÞ > 0 and GðrðtÞÞ ¼ Að1 eBjrðtÞjÞ;
rðtÞ < 0. The corresponding axial strain at the critical location
(top and bottom surfaces of the mid-section) of the beam is now
given as:
emaxxx ðtÞ ¼ Gðrmaxxx ð0ÞÞJðutÞ þ
Z t
0
Jðut usÞ @Gðr
max
xx ðsÞÞ
@r
 dr
max
xx ðsÞ
ds
dsþ
Z t
tcr
Kðut usÞdHðr
max
xx ðsÞÞ
ds
ds ð3:2Þ
We consider the following parameters for our analysis:
L = 2.67 m and r = 0.1 m, and the loading history is as follows: a
load is ramped with a constant rate to 1750 N for 10 s, the force
is held constant for 200 s, followed by a cyclic loading with load ra-
tio R = 1500 N/2000 N and frequency 0.05 Hz for 200 s, then a con-
stant force is held for another 200 s, continue with a cyclic loading
with frequency 0.25 Hz for 200 s., and ﬁnally the force is held con-
stant. Fig. 12a–c illustrate the corresponding axial stress, strain,
and degradation at the critical location due to a loading history
P(t) discussed above. By monitoring the degradation during loading
and setting the degradation threshold when failure occurs, we can
determine the service time of this structure. Thus, for structural
design purposes, instead of merely relying on the number of cycles
to failure (S–N curve) or critical time to failure in determining the
lifetime of viscoelastic structures it is more practical to monitor the
degradation stage of the structures since the structures often expe-
rience various loading histories.
One can also determine the deformation ﬁeld in the beam at
each instant of time and use the excessive deformation as failure
criterion. The stress ﬁeld at each time is rxxðx; y; tÞ ¼ Mðx; tÞ yI ;
I ¼ r412; and the corresponding strain ﬁeld and curvature, j, are:
exxðx; y; tÞ ¼ A 1 eBjrxxðx;y;0Þj
 
JðutÞ
þ
Z t
0
J ut us ð	ABeBjrxxðx;y;sÞjÞdrxxðx; y; sÞ
ds
ds
þ
Z t
tcr
K ut us dHðrxxðx; y; sÞÞ
ds
ds ð3:3Þ
j ¼ @
2uyðx; y; tÞ
@x2
¼ 1
y
exxðx; y; tÞ ð3:4Þ
The lateral deﬂection uyðx; y; tÞ is then determined from:uyðx; y; tÞ ¼ 1y
Z x
0
Z 1
0
exxðf; y; tÞdfd1 ð3:5Þ
The double integrals arise from ﬁrst obtaining the rotational an-
gle by integrating the curvature, and the displacement is then
determined by integrating the rotational angle. It is noted that in-
side the integral in Eq. (3.5), there is a convolution time integral
which is solve numerically, and thus the deformation from the
integral in Eq. (3.5) is determined numerically.4. Conclusions
We have formulated a nonlinear viscoelastic-degradation mod-
el for solid-like materials that is capable of capturing the primary,
secondary, and tertiary creep stages. The model is additively
decomposed into the viscoelastic (recoverable) part and time-
dependent degradation (irrecoverable) part. The degradation is
associated to the secondary and tertiary creep stages in the mate-
rials. In order to account for the accelerated creep and failure due
to high stresses, an ‘internal clock’ concept is adopted through
the stress-dependent degradation shift-factor. Changes in the
132 A. Muliana / International Journal of Solids and Structures 51 (2014) 122–132microstructural morphologies of the materials during loading are
incorporated through the time and stress dependent material
parameters. We have shown that the creep and cyclic failures in
viscoelastic materials are strongly inﬂuenced by the loading ampli-
tude and duration of loading; i.e., lower loading rates (or frequen-
cies) lead to early failures in the materials as they result in longer
duration of loading to reach the same loading amplitude. The slow
loading gives sufﬁcient time for the material to undergo secondary
and tertiary creep stages, to achieve the same amplitude of loading.
We have also presented possible failure criteria that are general
and useful for various loading histories. One simple criterion is to
deﬁne a limit of failure strains, which can be correlated to crack
initiation or propagation. Regardless of the loading histories, if
the strain at a certain location reaches this limit then failure oc-
curs. Another approach is to deﬁne a scalar degradation parameter
that indicates the severity of degradation/damage in the structures.
Failure occurs if the degradation parameter reaches a certain
threshold. When dealing with viscoelastic structures, failure crite-
ria that give information on the state of degradation are more prac-
tical than relying on the empirical method such as critical times
and/or number of cycles to failure under different loading
amplitude.Acknowledgements
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